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Whenever experiments make a priori
predictions about the direction of change
in some parameter, one-tailed test
statistics offer a potentially large gain in
power over the corresponding two-tailed
test. This gain is rarely used in ecology
and evolution because of
(1) the belief that one-tailed procedures
are unavailable for most statistical tests
and (2) an inherent dilemma in
one-tailed tests: how do we handle large
parameter changes in the unanticipated
direction? The first problem is a
misconception, whereas the second is
easily resolved by recognizing that one-
and two-tailed tests are simply extremes
in a continuum of testing options.
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Ecology and evolution are becoming
increasingly predictive. Experiments
and observations commonly test hypoth-
eses that predict a priori the direction
of expected change in some parameter.
Such predictions generate directional
alternative hypotheses (H,) that are com-
monly tested with one-tailed statistical
tests. The use of such one-tailed test stat-
istics, however, poses an ongoing philo-
sophical dilemma. The problem is a con-
flict between two issues: the large gain
in power when one-tailed tests are used
appropriately versus the possibility of
‘surprising’ experimental results, where
there is strong evidence of non-com-
pliance with the null hypothesis (H,)
but in the unanticipated direction.

The dilemma of one-tailed testing
For any statistical test, there is a
substantial gain in statistical power if a
one-tailed test is used to evaluate the
change in some parameter estimate when
the direction of expected change from
H, is specified a priori*-5. Typically, the
power of a statistical test is measured
as the probability of rejecting H, when it
is false [i.e. 1 - Prob(Type-ll error)]. In
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practice, however, any gain in power is
only important to biologists when it
changes their conclusions. We suspect
that most biologists do not fully appreci-
ate how frequently different conclusions
may be reached with one-tailed tests
because they normally think of the prob-
lem in the simple context of the compari-
son of two populations’ means. In the
standard test for differences among two
means with known variances (z test), a
different conclusion would be reached
with a 0.05 level of significance only for
test statistics between 1.645 and 1.96.
This is a relatively narrow range, and only
experiments yielding two-tailed P-values
between 0.05 and 0.10 would be deemed
significant with more-powerful one-tailed
statistics.

The gain in power from one-tailed
tests grows substantially, however, when
we compare more than two means. For
example, consider a comparison among
four population means where there is
an a priori expectation of an ascend-
ing linear order of the means (i.e.
Hipyspy<pgspy,). Suppose a compari-
son of sample means based upon a two-
tailed F statistic yielded a P-value of 0.40.
A one-tailed comparison of the same
sample means would produce a P-value
less than 0.05 if the observed ordering
of the)peans matched the a priori expec-
tatiok®- With 10 populations, a two-tailed
Pvalue as large as (.65 can be significant
at the 0.05 level with a one-tailed test.
The potential gain in power is large, and
one-tailed tests with a directional H, may
frequently support the rejection of H, in
situations where the corresponding two-
tailed tests are far from even approach-
ing statistical significance.

Unfortunately, the gain in power car-
ries an added burden. If a one-tailed test
was originally planned, then how do we
treat noncompliance with H, in the un-
expected direction, a not uncommon
‘surprise’? Such unexpected results, no
matter how substantial and potentially
biologically meaningful, must be judged
statistically insignificant. If the logic and
philosophy of a one-sided test is fully
heeded, a potentially meaningful exper-
imental/sampling outcome must be ig-
nored pending the collection of additional
data.

We suspect that few biologists would
truly adhere to this philosophy when
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faced with the above dilemma. Instead,
most would convince themselves that
they were mistaken in the construction
of their original one-sided H,, carry out
a two-tailed test, and then reject the
null hypothesis based upon their more
‘enlightened’ non-directional H,. This con-
ditional use of one- and two-tailed test-
ing, however, inflates the de facto Type-I
error rate (o). The only sure way to avoid
the dilemma is to use two-tailed tests
exclusively, save for those special cases
where difference between populations is
only possible in one direction.

If we, as a discipline, decide that one-
tailed testing should be restricted to
cases where results in the unanticipated
direction are impossible, we cannot take
advantage of the fact that we can cor-
rectly predict the direction of a deviation
from a specified null hypothesis in most
circumstances. This dilemma is a result
of the false dichotomy between one- and
two-tailed tests. A new testing para-
digm should be established to test null
hypotheses for which a strong, but not
irrefutable, case can be made a priori
concerning the anticipated direction of a
deviation from H,,.

A ‘directed’ as opposed to
‘one-sided’ test

We seek a compromise between a one-
and two-tailed test, that is, an approach
that increases power relative to a two-
tailed test when the parameter estimate
deviates from H, in the anticipated di-
rection, but that does not overly reduce
power otherwise. Fortunately, we need
not break any new statistical ground to
achieve such a compromise.

Consider a context where we com-
pare the means of two populations: an
experimentally manipulated population
and an unmanipulated control. Samples
are drawn from the two populations,
generating sample means and variances
for each. Next we test the H, that the
two populations have identical means.
Ecological factors known to the exper-
imenter strongly suggest that the ex-
perimental treatment should reduce the
mean of the experimental population, but
it is certainly possible, albeit far less likely,
that other factors that were not con-
sidered might reverse this expectation.

Suppose we use a Student’s f-test to
test the equality of control (u.) and
experitental () mieans. We could com-
pletely ignore our a priori expectations
and carry out a two-sided test, H_:u, = u,,
but this would compromise statistical
power. Alternatively, we could choose
to increase power in detecting a differ-
ence in population means in the antici-
pated direction by using a one-sided test,
H,: u.<u, but this could lead to the

235



PERSPECTIVES

(a)
a = Type-l error rate
=y+0
2
=2
e
=R
89
- O
a Y &
T N
/! 0.0 K

s

=3

Probability
density

0.0 4—= —
0.0 05 10
Y P-value 1-8

Fig. 1. Specifying a pair of asymmetrical
rejection regions in: (a) the context of a
Student’'s ttest; and (b) more generically in
the context of P-values.

dilemma described earlier. The alterna-
tive proposed here, which is well known
but rarely used, is to specify an asym-
metrical pair of critical regions, as de-
picted in Fig. la. The Type-l error rate
(o) is partitioned into two segments,
a =7+ 6, the larger of which (y) is associ-
ated with deviations between means in
the anticipated direction. The choice
between one- and two-tailed tests is an
artificial dichotomy between extremes of
a continuum of choices. Two-tailed tests
constrain y=98=0/2, whereas one-tailed
tests set y=a and 8=0. There is no com-
pelling reason to consider only these
extreme options.

We can generalize the logic used in
the above t-test to nearly any other stat-
istical test by defining our rejection
region in terms of P-values (Fig. 1b).
P-values from tests based on continuous

Box 1. Calculating P-values for a directed test

A simple method to find a P-value for the directed test (Py,) is to calculate the minimum significance level
(e0) that would Jead to rejection of H, given the ratio &/v, i.e. given the relative sizes of critical regions for
rejecting H, in the anticipated and unanticipated directions. Let P, ., be the one-tailed probability (i.e. the
probabitity on H, of observing a test statistic as extreme, or more so, in the anticipated direction)
associated with the appropriate test of H,.

Peie = Minimum « for rejecting H, given ¥/
= Piiaiea [ 1+ (87)] if Plaeg<Y/Qt 2 S
(1= Praed [ L+ W8] T Prge > Yt

When a=0.5, the directed P-value converges on that from a two-tailed test, and when Y/« approaches 1,
it converges on that of a one-tailed test. The directed P-value measures the probability of obtaining as
much or mare evidence against H, by chance alone, adjusted via the weighting factor y/8 associated with the
a priori presumption that a specified direction of noncompliance with H, is more likely. One rejects H,
whenever the Py, < 0.05 (or some other prescribed Type-| error rate, o).

An example of the directed test
To illustrate the use of a directed test, suppose the following data were generated and we strongly
suspected the experimental mean to be smaller than the control:

Population Experimental Control
Mean 17.2 10.0
Sample variance 125 144
Sample size 253 6

A Student's ttest comparing the two means yieids a t,.. s, Of 2.4, For these data Py, e, = 0.99022. If we
use the convention that yo=0.8 {i.e. /8=4), then P, =(0.00978) (1+4)=0.0489. in this case, the
directed test provided much of the power of a one-sided test yet H, was rejected despite the fact that the
deviation went in the unanticipated direction.

Box 2. Directed test in the context of contingency analysis

Consider a hypothetical data-set in which numbers of male and female emerging wasps were measured in
four environments:

All outbred Mostly outbred Mostly sib All sib
Population matings matings matings matings
Males 52 46 42 40
Females 48 54 58 60

When a contingency chi-squared test is applied to the data no significant heterogeneity in sex ratio is found
among papulations (x2=3.39, P=0.3348). Since sex ratio theory’ can be used to predict greater female
bias with increasing levels of inbreeding, the chi-squared heterogeneity test can be converted to a
directional test via the ‘ordered heterogeneity technique 3. In this case, the one-sided test statistic
r,P.=0.6653 and P, ,.,= 0.03510. This one-sided test can be converted to a directed test (Box 1) and the
resulting P, = 0.0438. The use of a directed, or a one-sided. test in place of the non-directional chi-squared
test that is routinely used by biologists, substantially changes the interpretation of the data.

[E8N

test statistics (e.g. Student’s ¢t, Fisher's F,
Pearson’s r,, etc.) have a uniform dis-
tribution on H, with range [0,1] and mean
0.5. When the test statistic is discontinu-
ous (e.g. Spearman’s r,, Mann-Whitney U,
etc.) this same distribution is approxi-
mated whenever the test statistic can
take on many possible values.

We can construct a generalized re-
jection region for all of the tests routinely
used in studies of ecology and evolution
by replacing the particular test statistic
(. F, r, etc.) with its corresponding
one-sided P-value (P ,,.q) We reject Hy
whenever the P-value satisfies the con-
straint, PieqsY OF Plieqz (1-8). We
refer to such a test as a ‘directed test’,
as opposed to a one-sided test.

Just as a convention was needed to
decide when to conclude that a test is
statistically significant (i.e. statistical sig-
nificance implies £ = a=0.05), we need a
convention for choosing yand 3. When ya
approaches 1, the directed test converges
on a one-sided test. When y/a approaches
1/2, it converges on a two-sided test. If
there is no convention for choosing ya,
then it will be too ‘tempting’ to modify
the values based upon a posteriore infor-
i st ya=0.8 as a prag-
matic conventional value. When a=0.05,

this impliesthaty:[).[)ﬁism__r_v\\ggm
ase, most of the power of a one-sided
test is retained without overly compromis-
ing the ability to reject H, when the trend
in the data is strongly in the unantici-
pated direction. A verbal abridgment of
the philosophy behind the directed test
is that we require stronger empirical evi-
dence to reject H, when the parameter
differs in the unanticipated direction.
Critical values for any directed test
are easily found once ya is specified.
For example, setting yo=0.8, then the
two a=0.05 critical values are those for
Pyianea= 0.04 and Py, 42 0.99 from the
corresponding one-tailed test. Obtaining
exact P-values from a directed test stat-
istic also is important, and a general
method of calculation is outlined in Box 1.
All that is needed to obtain exact P-values
for any directed test is a means of calcu-
lating one-tailed P-values for the statistic.
In practice, ecologists and evolution-
ary biologists have commonly avoided
one-tailed statistical testing, not because
of their concern over the dilemma we
have highlighted, but because of the wide-
spread view that one-tailed, directional
tests are unavailable for many of the com-
mon analytical procedures used in the
field (e.g. contingency analysis, ANOVA,
ANCOVA). For comparisons of two popu-
lations, one-sided tests are widely used
and available in most computerized stat-
istical packages. When three or more
populations are compared, however, the

TREE val 9 no. 6 June 1494



Territory quality

Box 3. Directed test in the context of multiway-ANOVA

Consider a hypothetical data-set (mean values) in which numbers of female mates per male are measured
in association with measures of a male's phenotype and territory quality:

Below Above Row
Poor average average Excellent average
Male ornament
Small 0.2 0.5 0.52 1.0 0.555
Average 0.25 0.49 0.59 1.5 0.708
Large 0.35 0.55 0.65 2.5 1.013
Column average 0.267 0.513 0.587 1.67

Next, suppose that within the ANOVA table the F-test for the ‘male ornament effect’” was not statistically
significant (P .= 0.20). The Ftest is a non-directional test of heterogeneity among the three ornament
size classes and does not incorporate the prediction that larger ornaments may lead to increased male
harem size. This directional component can be incorporated into the test via the ‘ordered heterogeneity
technigue' by using the rank correlation between the harem size (averaged over territory quality} and male
ornament size%6. The r,P, statistic from the ordered heterogeneity test is 0.80, and the orderdependent
Pwvaiue IS Pgy = 0.0334. The resulting directed test is P, =1.25(0.0334)=0.0418. What was not
even a marginally significant result from the non-directional F-test is significant (P < 0.05) once the ordering
information is incorporated and allowance is made for the direction of the data being in the unanticipated

direction.

readily available options are much more
restricted. This problem is primarily due
to access, however, not to the absence of
one-tailed procedures. Statisticians have
developed a surprisingly broad range of
options for testing against a directional
H, (Refs 1,3). Indeed, recent advances>$
make it possible to extend nearly any
non-directional statistic to consider one-
sided alternatives. Boxes 2 and 3 illus-

trate the use of a directed test in the
context of two common statistical pro-
cedures in ecological and evolutionary
research (contingency analysis, multi-
way ANOVA). The domain of one-sided
tests is far broader than most biologists
have appreciated. Given the substantial
power advantage they potentially afford,
the dilemma of one-sided testing will be
an ever-growing problem.

Conclusion

Directed tests provide a viable sol-
ution that captures most of the power
advantage of one-sided testing without
compromising analytical honesty. Use
of these tests requires a convention for
choosing the asymmetric rejection re-
gions y and §. The convention yo=0.8
could be used as a standard, and directed
tests should be used in virtually all
applications where one-sided tests have
previously been used, excepting those
cases where the data can only deviate
from H, in one direction.
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